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Abstract
In this paper, we studied the semileptonic B/Bs → (D(∗),D(∗)s )lνl decays in the framework of the
standard model (SM) , by employing the perturbative QCD (PQCD) factorization formalism combining
with the lattice QCD inputs of the relevant transition form factors. We calculated the branching ratios
B(B(s) → D(∗)(s) lνl) with l = (e, µ.τ) , the ratios of the branching ratios R(D(∗)) and R(D
(∗)
s ) and other
physical observables Pτ (D
(∗)
(s)), FL(D
∗
(s)) and AFB(τ). The “PQCD+Lattice” predictions for B(B →
D(∗)lνl) and R(D
(∗)) do agree well with those currently available experimental measurements within the
errors. For the ratios R(Ds) and R(D
∗
s), the ”PQCD+Lattice” predictions agree well with other known
predictions. For both Pτ (D
∗) and FL(D
∗), our theoretical predictions agree well with the measured values
within errors. Our theoretical predictions about the considered semileptonic B/Bs decays could be tested
in the near future LHCb and the Belle II experiments.
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I. INTRODUCTION
The studies for the semileptonic decays of B/Bs meson do play an essential role in testing the
standard model (SM) as well as in searching for new physics (NP) beyond the SM, since the lepton
flavor universality (LFU) can be examined though this kind of decay modes. The LFU means that
all electroweak gauge bosons ( Z0, γ and W±) have equivalent couplings to three generation
leptons, and the only difference arises due to the mass differences: me < mµ ≪ mτ . Therefore,
if the experiments could find some signals for the lepton flavor violation (LFV), it would be a true
challenge to the SM.
The first observation of the R(D) and R(D∗) anomalies for the semileptonic decays B →
D(∗)lνl with l
− = (e−, µ−, τ−) in 2012 by BaBar Collaboration [1, 2] has invoked intensive studies
for B → D(∗)lνl decays in the framework of the SM [3–10] and various new NP models[11–18].
When more measurements are reported by both Belle and LHCb Collaboration [19–25], however,
the deviations between the measured R(D) and R(D∗) and the SM predictions become a little
narrow now [26–29]:
(1) The latest Belle measurements [24] alone exhibit an excellent consistency with the averaged
SM predictions [3–5, 29]:
R(D) =
{
0.307± 0.037(stat.)± 0.016(syst.), Belle [24]
0.299± 0.003, SM [29] , (1)
R(D∗) =
{
0.283± 0.018(stat.)± 0.014(syst.), Belle [24],
0.258± 0.005, SM [29] , (2)
they are compatible within one standard deviation [24, 29].
(2) The combined analysis of currently available measured R(D) andR(D∗) with the inclusion
of the new Belle results [24] gives the following world averaged values:
R(D)Exp = 0.340± 0.027± 0.013, R(D∗)Exp = 0.295± 0.011± 0.008, (3)
the discrepancy decreases from the previous 3.8σ to 3.1σ with respect to the SM expecta-
tions [26, 27, 29].
(3) Besides the ratios R(D(∗)), some relevant physical observables, such as the longitudinal
polarization of the tau lepton Pτ (D
∗), the fraction of D∗ longitudinal polarization FL(D
∗),
have been measured very recently by Belle Collaboration [30–32]:
Pτ (D
∗) = −0.38± 0.51(stat.)+0.21−0.16(syst.), [30, 31], (4)
FL(D
∗) = 0.60± 0.08(stat.)± 0.04(syst.), [32]. (5)
They are compatible with the SM predictions Pτ (D
∗) = −0.497 ± 0.013 [33], FL(D∗) =
0.441(6) [34] and 0.457(10) [35] for B → D∗τ ν¯τ decays.
It is evident to see from above points that although the anomalies about R(D(∗)) become less seri-
ous recently, it is still a sizeable discrepancy with the SM expectations, and it must be investigated
with complementary and more precise measurements in order to make a conclusion about it. In
addition to the B → D(∗)lνl decays, the Bs → D(∗)s lνl decay mode is one of the best choices for
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crossing examination. The systematic theoretical studies and experimental measurements for the
semileptonic decays of Bs meson are therefore very important and worth of doing immediately.
As illustrated by the Feynman diagrams in Fig. 1, theBs → D(∗)s l+νl decays are closely related
with those B → D(∗)l+νl decays through the SU(3) flavor symmetry. They are all controlled by
the same b → clν transitions at the quark level, but with a different spectator quark: (u, d) or s
quark. In the limit of SU(3) flavor symmetry, consequently, these two sets of semileptonic decays
must have very similar properties. If current anomalies in B → D(∗)lνl decays are indeed induced
by the new physics contributions, it must show up in the Bs → D(∗)s lνl decays. It is therefore
necessary and very interesting to study Bs → D(∗)s lνl decays and to measure the corresponding
ratios R(D
(∗)
s ) and other relevant physical observables such as Pτ (D
(∗)
s ), FL(D
∗
s) and AFB(τ), in
order to check if there exist any similar deviations.
In the framework of the SM, as is well known, the central issue for the calculations of such
semileptonic decays is the estimation for the values and shapes of the relevant form factors
(F+,0(q
2), V (q2), A0,1,2(q
2)) for the B(s) → D(∗)(s) transitions. However, the calculations for these
form factors are not an easy task and can not be estimated reliably in the whole range of the
momentum q2 carried by the lepton pair by using one method, the extrapolation is indispensable.
There are many traditional methods or approaches to estimate the relevant form factors and then
provide their own predictions for the ratios RD(∗) , for examples, the heavy quark effective theory
(HQET)[4, 5], the light cone sum rules (LCSR)[36–38], the lattice QCD (LQCD)[39–43] and the
perturbative QCD factorization approach (PQCD) [9, 10].
In recent years, the PQCD factorization approach has been used to study the various kinds
of the semileptonic decays of B/Bs/Bc mesons for example as being done in Refs. [9, 10, 44–
50]. However, just like many other theoretical approaches, the form factors evaluated by using
the PQCD approach are only reliable at the low q2 region. Therefore, the extrapolations must
be done in order to cover the whole range of q2 of the form factors fi(q
2). In order to improve
the reliability of the size and shape of all the six relevant form factors obtained by employing
the PQCD approach, we here will include the lattice QCD inputs at the end point q2max so that
the extrapolation from the PQCD predictions at the low q2 region to the high q2 region become
reliable too.
In Refs. [9, 10], the B → D(∗)lνl decays have been studied by employing the PQCD approach
only [9] or with the inclusion of the lattice QCD input [10]. In Ref. [44], the B¯0s → D(∗)s l−ν¯l
decays have been studied by employing the PQCD approach without the lattice QCD input. In this
paper, we will study the semileptonic decays of B and Bs mesons simultaneously and focus on
the following three tasks:
(1) For both Bs → D(∗)s and B → D(∗) and transitions, we evaluate the relevant form factors in
the low 0 ≤ q2 ≤ m2l region by using the PQCD factorization approach, and then include
the lattice QCD inputs at the end point q2max in the fitting process and extrapolate those form
factors to the entire momentum region by employing the Bourrely-Caprini-Lellouch (BCL)
parametrization [51, 52] instead of the pole models used previously in Refs. [9, 10, 44].
(2) In addition to the calculation for the branching ratios and the ratios R(D
(∗)
s ) and R(D(∗)),
we will also calculate other three kinds of physical observables ( they are not considered
in previous works [9, 10, 44] ) for the decays of B and Bs mesons: the longitudinal polar-
ization of the tau lepton Pτ (D
(∗)
(s)), the fraction of D
∗
(s) longitudinal polarization FL(D
∗
(s))
and the forward-backward asymmetry of the tau lepton AFB(τ) in both the ordinary PQCD
approach and the “PQCD +Lattice” approach (i.e. the PQCD approach with the inclusion
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of the lattice QCD input for form factors).
(3) We will present our theoretical predictions, compare them with those currently available
experimental measurements or the theoretical predictions obtained by using other different
theories or models.
This paper is organized as follows: In section II, we briefly review the kinematics of the
B0s → D(∗)s l+νl. The calculations of the form factors for the B0s → D(∗)s transitions are given
then. We use the Lattice QCD results at q2max given by the HPQCD group[43] as the inputs in
our extrapolation. The explicit expressions of the differential decay rates and additional physi-
cal observables are also given in Sec. II. In section III, we present the theoretical predictions for
all considered physical observables obtained by using the PQCD approach, the “PQCD+Lattice”
approach and some typical different models. A short summary will be given in the final section.
II. THEORETICAL FRAMEWORK
A. Kinematics and the wave functions
ν
l
B D(∗)
l
ν
B D(∗)
(a) (b)
b¯
(u, d, s)
b¯
(u, d, s)
c¯ c¯
(u, d, s) (u, d, s)
FIG. 1. (Color online) In PQCD approach, the leading order Feynman diagrams for the semileptonic decays
B(s) → D(s)l+νl with l = (e, µ, τ).
In the PQCD approach, the tree-level Feynman diagrams forB(s) → D(∗)(s) lν decays 1 are shown
in Fig 1. We define the B(s) meson momentum as p1, the D(s)/D
∗
(s) meson momentum as p2, and
the polarization vectors ǫL,T of the D
∗
(s) at the B(s) meson rest frame as in Ref. [53].
p1 =
mB(s)√
2
(1, 1, 0⊥), p2 =
r ·mB(s)√
2
(η+, η−, 0⊥),
ǫL =
1√
2
(η+,−η−, 0⊥), ǫT = (0, 0, 1). (6)
while ǫL and ǫT denotes the longitudinal and transverse polarization of the (D
∗, D∗s) mesons,
respectively. The parameter η± and r are defined as:
η± = η ±
√
η2 − 1, η = 1
2r
(1 + r2 − q
2
m2B(s)
), r =
m
D
(∗)
(s)
mB(s)
, (7)
1 Throughout this paper the symbol B(s) describes both B = (Bu, Bd) and Bs mesons.
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where q = p1 − p2 is the momentum of the lepton pair. The momenta of the spectator quarks in
B(s) andD
(∗)
(s) mesons are parameterized as
k1 =
mB(s)√
2
(0, x1, k1⊥), k2 =
r ·mB(s)√
2
(x2η
+, x2η
−, k2⊥), (8)
where x1 and x2 are the fraction of the momentum carried by the light spectator quark in the initial
B/Bs meson and the final state mesonD
(∗)/D
(∗)
s , respectively.
For the B/Bs meson wave function, we use the same one as being used in Refs.[53, 54].
ΦB(s)(x, b) =
i√
2Nc
(p/B(s) +mB(s))γ5φB(s)(x, b), (9)
φB(s)(x, b) = NB(s) · x2(1− x)2 · exp
[
−
x2 ·M2B(s)
2ω2B(s)
− 1
2
(ωB(s) · b)2
]
. (10)
The normalization factor NB(s) depends on the values of the parameter ωB(s) and decay constant
fB(s) through the normalization relation:
∫ 1
0
dx φB(s)(x, b = 0) = fB(s)/(2
√
6). In order to esti-
mate the uncertainties of theoretical predictions, we set the shape parameter ωB = 0.40 ± 0.04
GeV and ωBs = 0.50± 0.05 GeV.
For the D(s) andD
∗
(s) meson, we use the same wave functions as being used in Ref. [55]
ΦD(s)(p, x) =
i√
6
γ5(p/D(s) +mD(s))φD(s)(x), (11)
ΦD∗
(s)
(p, x) =
−i√
6
[
ǫ/L(p/D∗
(s)
+mD∗
(s)
)φLD∗
(s)
(x) + ǫ/T(p/D∗
(s)
+mD∗
(s)
)φTD∗
(s)
(x)
]
. (12)
with the distribution amplitudes
φ
D
(∗)
(s)
(x) =
f
D
(∗)
(s)
2
√
6
· 6x(1− x)
[
1 + C
D
(∗)
(s)
(1− 2x)
]
· exp
[
−ω
2b2
2
]
. (13)
where we set the parameters CD = CD∗ = CDs = CD∗s = 0.5 and ω = 0.1. From the heavy quark
limit, we here assume that
fLD∗ = f
T
D∗ = fD∗ , f
L
D∗
S
= fTD∗
S
= fD∗s , (14)
φLD∗ = φ
T
D∗ = φD∗ , φ
L
D∗s
= φTD∗s = φD∗s . (15)
B. Form Factors in PQCD approach
The form factors of the B(s) → D(s) transition are defined in the same form as in Ref. [56]
〈D(s)(p2)|c¯(0)γµb(0)|B(s)(p1)〉 =
[
(p1 + p2)µ −
m2B(s) −m2D(s)
q2
qµ
]
F+(q
2)
+
[
m2B(s) −m2D(s)
q2
qµ
]
F0(q
2) (16)
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In order to cancel the poles at q2 = 0, F+(0) should be equal to F0(0). For convenience, we also
define the auxiliary form factors f1(q
2) and f2(q
2),
〈D(s)(p2)|c¯(0)γµb(0)|B(s)(p1)〉 = f1(q2)p1µ + f2(q2)p2µ, (17)
where the auxiliary form factors f1(q
2) and f2(q
2) are related to F+(q
2) and F0(q
2) through the
following relations,
F+(q
2) =
1
2
[
f1(q
2) + f2(q
2)
]
, (18)
F0(q
2) =
1
2
f1(q
2)
[
1 +
q2
m2B(s) −m2D(s)
]
+
1
2
f2(q
2)
[
1− q
2
m2B(s) −m2D(s)
]
. (19)
As for the vector meson D∗(s) at the final state, the form factors involved in B(s) → D∗(s)
transitions are V (q2) and A0,1,2(q
2). And they are defined in the following forms [56] :
〈D∗(s)(p2)|c¯(0)γµb(0)|B(s)(p1)〉 =
2iV (q2)
mB(s) +mD∗(s)
ǫµναβǫ
∗νpα1p
β
2 , (20)
〈D∗(s)(p2)|c¯(0)γµγ5b(0)|B(s)(p1)〉 = 2mD∗(s)A0(q2)
ǫ∗ · q
q2
qµ
+(mB(s) +mD∗(s))A1(q
2)
(
ǫ∗µ −
ǫ∗ · q
q2
qµ
)
−A2(q2) ǫ
∗ · q
mB(s) +mD∗(s)
[
(p1 + p2)µ −
m2B(s) −m2D∗(s)
q2
qµ
]
. (21)
We calculated the relevant form factors mentioned above in PQCD approach, and the analytical
expressions are like follows:
f1(q
2) = 8πm2B(s)CF
∫
dx1dx2
∫
b1db1b2db2φB(s)(x1, b1)φD(s)(x2, b2)
×
{
[2r (1− rx2)] ·H1(t1)
+
[
2r(2rc − r) + x1r
(
−2 + 2η +
√
η2 − 1− 2η√
η2 − 1 +
η2√
η2 − 1
)]
·H2(t2)
}
,(22)
f2(q
2) = 8πm2B(s)CF
∫
dx1dx2
∫
b1db1b2db2φB(s)(x1, b1)φD(s)(x2, b2)
×
{
[2− 4x2r(1− η)] ·H1(t1) +
[
4r − 2rc − x1 + x1√
η2 − 1(2− η)
]
·H2(t2)
}
, (23)
V (q2) = 8πm2B(s)CF
∫
dx1dx2
∫
b1db1b2db2φB(s)(x1, b1)φ
T
D∗
(s)
(x2, b2) · (1 + r)
×
{
[1− rx2] ·H1(t1) +
[
r +
x1
2
√
η2 − 1
]
·H2(t2)
}
, (24)
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A0(q
2) = 8πm2B(s)CF
∫
dx1dx2
∫
b1db1b2db2φB(s)(x1, b1)φ
L
D∗
(s)
(x2, b2)
×
{
[1 + r − rx2(2 + r − 2η)] ·H1(t1)
+
[
r2 + rc +
x1
2
+
ηx1
2
√
η2 − 1 +
rx1
2
√
η2 − 1(1− 2η(η +
√
η2 − 1))
]
·H2(t2)
}
, (25)
A1(q
2) = 8πm2B(s)CF
∫
dx1dx2
∫
b1db1b2db2φB(s)(x1, b1)φ
T
D∗
(s)
(x2, b2) · r
1 + r
×
{
2[1 + η − 2rx2 + rηx2] ·H1(t1) + [2rc + 2ηr − x1] ·H2(t2)
}
, (26)
A2(q
2) =
(1 + r)2(η − r)
2r(η2 − 1) · A1(q
2)
− 8πm2B(s)CF
∫
dx1dx2
∫
b1db1b2db2φB(s)(x1, b1) · φLD∗(s)(x2, b2) ·
1 + r
η2 − 1
×
{
[(1 + η)(1− r)− rx2(1− 2r + η(2 + r − 2η))] ·H1(t1)
+
[
r + rc(η − r)− ηr2 + rx1η2 − x1
2
(η + r) + x1(ηr − 1
2
)
√
η2 − 1
]
·H2(t2)
}
,(27)
where the color factor CF = 4/3, the mass ratio rc = mc/mB(s) , and the functions Hi(ti) are in
the following form
Hi(ti) = hi(x1, x2, b1, b2) · αs(ti) exp [−Sab(ti)] , for i = (1, 2). (28)
The explicit expressions of the hard functions hi(x1, x2, b1, b2), the hard scales ti and the Sudakov
factors [−Sab(ti)] will be given in the Appendix.
C. Lattice inputs at q2max
The lattice QCD has its own advantages to calculate the relevant form factors at large q2 region.
We generally believe that the lattice QCD predictions for those relevant form factors close or at the
q2max are reliable. In this work, we make use of this reliability and take the lattice QCD predictions
for all relevant form factors at the endpoint q2max as the additional inputs in the fitting process so
that the extrapolation of these form factors from the low q2 region to q2max could become more
reliable.
The form factors used in the lattice QCD are parameterized as follows [57, 58]:
〈D(s)|c¯V µb|B(s)〉 =√mB(s)mD(s) [h+(w)(υ + υ′)µ + h−(w)(υ − υ′)µ] ,
〈D∗(s)|c¯V µb|B(s)〉 =√mB(s)mD∗(s)iεµνρσǫ∗νυρυ′σhV (w),
〈D∗(s)|c¯Aµb|B(s)〉 =√mB(s)mD∗(s)ǫ∗ν [gµν(1 + w)hA1(w)− υν(υµhA2(w) + υ′µhA3(w))] ,(29)
where υ = pB(s)/mB(s), υ
′ = p
D
(∗)
(s)
/m
D
(∗)
(s)
, the velocity transfer w = υ ·υ′, and ǫ is the polarization
vector of theD∗(s) meson. Through a simple transformation, we can relate them to the form factors
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used in our work:
F+(q
2) =
1
2
√
r
[(1 + r)h+(w)− (1− r)h−(w)] ,
F0(q
2) =
√
r
[
1 + w
1 + r
h+(w)− w − 1
1− r h−(w)
]
, (30)
where w = (m2B(s) +m
2
D(s)
− q2)/(2mB(s)mD(s)), and
V (q2) =
1 + r
2
√
r
hV (w),
A0(q
2) =
1
2
√
r
[(1 + w)hA1(w)− (1− wr)hA2(w) + (r − w)hA3(w)] ,
A1(q
2) =
√
r
1 + r
(1 + w)hA1(w),
A2(q
2) =
1 + r
2
√
r
(rhA2(w) + hA3(w)), (31)
where w = (m2B(s) +m
2
D∗
(s)
− q2)/(2mB(s)mD∗(s)).
At the end point q2 = q2max, we have
hV (1) = hA1(1) = hA3(1), hA2(1) = 0, hA1(1) = F(1),
w = 1,
[
h+(1)− (1− r)
(1 + r)
h−(1)
]
= G(1). (32)
Therefore, those relevant form factors at the endpoint q2max will become:
F+(q
2
max) =
1 + r
2
√
r
G(1),
V (q2max) = A0(q
2
max) = A2(q
2
max) =
1
A1(q2max)
=
1 + r
2
√
r
F(1), (33)
By using the formulaes above and including the lattice inputs [43, 59]
GB→D(1) = 1.033± 0.095, FB→D∗(1) = 0.895± 0.010± 0.024,
GBs→Ds(1) = 1.052± 0.046, FBs→D∗s (1) = 0.883± 0.012± 0.028, (34)
with the relation between F0 and F+ near the endpoint q
2
max as evaluated in Ref. [59]:
FB→D0 /F
B→D
+ = 0.73± 0.04, FBs→Ds0 /FBs→Ds+ = 0.77± 0.02, (35)
We find the following values of the relevant form factors at the endpoint q2max:
FB→D0 (q
2
max) = 0.86± 0.08, FBs→Ds0 (q2max) = 0.91± 0.05,
FB→D+ (q
2
max) = 1.17± 0.10, FBs→Ds+ (q2max) = 1.19± 0.05,
V B→D
∗
(q2max) = 1.01± 0.05, V Bs→D
∗
s (q2max) = 0.98± 0.05,
AB→D
∗
0 (q
2
max) = 1.01± 0.05, ABs→D
∗
s
0 (q
2
max) = 0.98± 0.05,
AB→D
∗
1 (q
2
max) = 0.80± 0.04, ABs→D
∗
s
1 (q
2
max) = 0.79± 0.04,
AB→D
∗
2 (q
2
max) = 1.01± 0.05, ABs→D
∗
s
2 (q
2
max) = 0.98± 0.05. (36)
The uncertainty of the form factors comes from the errors of G(1) as given in Eq. (34) is around
5 ∼ 10%, while the errors of F(1) is around 2 percent only. We here set conservatively the
common error of 5% for the form factors V,A0,1,2 in Eq. (36) by taking into account approximately
the small variations of the central values of G(1) and F(1) in recent years [43, 57–59] .
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D. Extrapolations and Differential decay rates
We know that the form factors calculated by the PQCD approach are only reliable at the low
q2 region. In order to cover the whole momentum region m2l ≤ q2 ≤ q2max we have to do the ex-
trapolations, and we also use the values of the relevant form factors at the endpoint q2max evaluated
based on the lattice QCD for the purpose of improving the extrapolation.
In the previous works [9, 44], we used the pole model parametrization [60] to do the fitting. In
this work, we will use the Bourrely-Caprini-Lellouch (BCL) parametrization [51] instead of the
pole model one, in order to match the lattice inputs and improve the reliability of the extrapolation
of the form factors from the low q2 region to q2max. We use our PQCD predictions for all relevant
form factors fi(q
2) at the sixteen points of 0 ≤ q2 ≤ m2τ as inputs and the lattice QCD results
as additional inputs at the endpoints q2max, then make the extrapolation from the low q
2 region to
the endpoint q2max by using the BCL parametrization [51]. Analogous to Ref. [52], we here also
consider only the first two terms of the series in the parameter z:
fi(t) =
1
1− t/m2R
1∑
k=0
αik z
k(t, t0) =
1
1− t/m2R
(
αi0 + α
i
1
√
t+ − t−√t+ − t0√
t+ − t+√t+ − t0
)
, (37)
with
0 ≤ t0 = t+
(
1−
√
1− t−
t+
)
≤ t−, (38)
where t = q2, t± = (mB(s) ± mD(∗)
(s)
)2 , and mR are the masses of the low-lying resonance. The
optimized value of t0 and the values ofmR are chosen to be the same ones as in Ref. [52]. Since the
choice ofmR depends on the kinds of the charged current involved for the considered semileptonic
decays, i.e. the b→ clν¯l or the b→ ulν¯l transition, we use the same set ofmR as that in Ref. [52]
where the Bc → (ηc, J/ψ)lν¯l decays had the same quark level b→ clν¯l transitions as this paper.
With the extrapolations above, now we have the access to the full momentum dependence of
those relevant form factors, and the branching ratios of the semileptonic decays B(s) → D(∗)(s) lν
can be calculated. The quark level transition of these semileptonic decays is the b→ clν transition
with the effective Hamiltonian [61]
Heff(b→ clν) = GF√
2
Vcb c¯γµ(1− γ5)b · l¯γµ(1− γ5)νl. (39)
where GF = 1.16637 × 10−5GeV −2 is the Fermi-coupling constant. And the differential decay
rates of the decay mode B(s) → D(s)lν can be expressed as [62]:
dΓ(B(s) → D(s)lν)
dq2
=
G2F |Vcb|2
192π3m3B(s)
(
1− m
2
l
q2
)2
λ1/2(q2)
2q2
·
{
3m2l
(
m2B(s) −m2D(s)
)2
|F0(q2)|2
+
(
m2l + 2q
2
)
λ(q2)|F+(q2)|2
}
, (40)
where ml is the mass of the leptons e, µ or τ , and λ(q
2) = (m2B(s) +m
2
D(s)
− q2)2 − 4m2B(s)m2D(s)
is the phase space factor.
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For the decay modeB(s) → D∗(s)lν , the corresponding differential decay widths can be written
as [60]:
dΓL(B(s) → D∗(s)lν)
dq2
=
G2F |Vcb|2
192π3m3B(s)
(
1− m
2
l
q2
)2
λ1/2(q2)
2q2
·
{
3m2l λ(q
2)A20(q
2)
+
m2l + 2q
2
4m2
[(
m2B(s) −m2D∗(s) − q
2
)(
mB(s) +mD∗(s)
)
A1(q
2)− λ(q
2)A2(q
2)
mB(s) +mD∗(s)
]2}
, (41)
dΓT (B(s) → D∗(s)lν)
dq2
=
G2F |Vcb|2
192π3m3B(s)
(
1− m
2
l
q2
)2
λ3/2(q2)
(
m2l + 2q
2
)
×

 V 2(q2)(
mB(s) +mD∗(s)
)2 +
(
mB(s) +mD∗(s)
)2
A21(q
2)
λ(q2)

 , (42)
with the phase space factor λ(q2) = (m2B(s) +m
2
D∗
(s)
− q2)2 − 4m2B(s)m2D∗(s) . The total differential
decay widths are defined as:
dΓ
dq2
=
dΓL
dq2
+
dΓT
dq2
. (43)
E. Additional physical observables: Pτ , FL(D
∗
(s)) and AFB(τ)
Besides the decay rates and the ratios R(X), there are other three additional physical observ-
ables for the consideredB/Bs semileptonic decays: the longitudinal polarization of the tau lepton
Pτ , the fraction of D
∗
(s) longitudinal polarization FL(D
∗
(s)) and the forward-backward asymmetry
of the tau lepton AFB(τ). These additional physical observables are sensitive to some kinds of
new physics beyond the SM [63–65].
As for the definitions of these additional physical obsevables, we follow Refs. [33, 66, 67]. For
the τ longitudinal polarization, for example, the authors of Refs. [33, 66] have studied them in
theQ rest frame where the spacial components of the momentum transferQ = pB − pM vanish.
They used a coordinate system in theQ rest frame so that the direction of the B momenta is along
the z axis, and the τ momentum lies in the x− z plane. Here, we use the same definition:
Pτ (D
(∗)
(s)) =
Γ+(D
(∗)
(s))− Γ−(D(∗)(s))
Γ+(D
(∗)
(s)) + Γ−(D
(∗)
(s))
, (44)
where Γ±(D
(∗)
(s)) denotes the decay rate of the decay B(s) → D(∗)(s)τ ν¯τ with the τ lepton helicity
of ±1/2. The explicit expressions of Γ± in the SM can be found for example in the Appendix of
Ref. [67]. For B(s) → D(s)τ ν¯τ decays, we find
dΓ+
dq2
=
G2F |Vcb|2
192π3m3B(s)
q2
√
λ(q2)
(
1− m
2
τ
q2
)2
m2τ
2q2
(
Hs 2V,0 + 3H
s2
V,t
)
, (45)
dΓ−
dq2
=
G2F |Vcb|2
192π3m3B(s)
q2
√
λ(q2)
(
1− m
2
τ
q2
)2 (
Hs 2V,0
)
. (46)
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For B(s) → D∗(s)τ ν¯τ decays, we have
dΓ+
dq2
=
G2F |Vcb|2
192π3m3B(s)
q2
√
λ(q2)
(
1− m
2
τ
q2
)2
m2τ
2q2
(
H2V,+ +H
2
V,− +H
2
V,0 + 3H
2
V,t
)
, (47)
dΓ−
dq2
=
G2F |Vcb|2
192π3m3B(s)
q2
√
λ(q2)
(
1− m
2
τ
q2
)2 (
H2V,+ +H
2
V,− +H
2
V,0
)
. (48)
where the functions (HsV,0, H
s
V,t, HV,±, HV,0, HV,t) can be written as the combinations of the six
form factors as defined in Eqs. (18,19,22-27):
HsV,0(q
2) =
√
λ(q2)
q2
F+(q
2), (49)
HsV,t(q
2) =
m2B(s) −m2D(s)√
q2
F0(q
2), (50)
HV,±(q
2) = (mB(s) +mD∗(s))A1(q
2)∓
√
λ(q2)
mB(s) +mD∗(s)
V (q2), (51)
HV,0(q
2) =
mB(s) +mD∗(s)
2mD∗
(s)
√
q2
[
−(m2B(s) −m2D∗(s) − q
2)A1(q
2) +
λ(q2)A2(q
2)
(mB(s) +mD∗(s))
2
]
, (52)
HV,t(q
2) = −
√
λ(q2)
q2
A0(q
2). (53)
The phase space factor λ is the same ones as defined in the Eqs. (40-42).
For the fraction of D∗(s) longitudinal polarization FL(D
∗
(s)), it is defined through the secondary
decay chainD∗(s) → D(s)π of the considered semileptonicB/Bs decays. And the FL(D∗(s)) can be
expressed as the same form in Ref. [67]:
FL(D
∗
(s)) =
Γ0
Γ0 + Γ+1 + Γ−1
, (54)
and the corresponding differential decay rates are of the following form:
dΓ±1
dq2
=
G2F |Vcb|2
192π3m3B(s)
q2
√
λ(q2)
(
1− m
2
τ
q2
)2(
1 +
m2τ
2q2
)
(H2V,±), (55)
dΓ0
dq2
=
G2F |Vcb|2
192π3m3B(s)
q2
√
λ(q2)
(
1− m
2
τ
q2
)2 [
(1 +
m2τ
2q2
)H2V,0 +
3
2
m2τ
q2
H2V,t
]
. (56)
As for the τ lepton forward-backward asymmetry AFB(τ), it’s a little complicated since it is
defined in the τ ν¯ rest frame. The explicit expression is of the following form [67]:
AFB =
∫ 1
0
dΓ
dcosθ
dcosθ − ∫ 0
−1
dΓ
dcosθ
dcosθ∫ 1
−1
dΓ
dcosθ
dcosθ
=
∫
bθ(q
2)dq2
ΓB(s)
(57)
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where the angle θ is the angle between the 3-momenta of the lepton τ and the initial B or Bs in
the τ ν¯ rest frame. The function bθ(q
2) is the angular coefficient which can be written as [67]:
b
(D)
θ (q
2) =
G2F |Vcb|2
128π3m3B(s)
q2
√
λ(q2)
(
1− m
2
τ
q2
)2
m2τ
q2
(HsV,0H
s
V,t), (58)
b
(D∗)
θ (q
2) =
G2F |Vcb|2
128π3m3B(s)
q2
√
λ(q2)
(
1− m
2
τ
q2
)2 [
1
2
(H2V,+ −H2V,−) +
m2τ
q2
(HV,0HV,t)
]
. (59)
With the above definitions and formulae, we are now ready to give our numerical results and
phenomenological analysis.
III. NUMERICAL RESULTS AND DISCUSSIONS
In the numerical calculations, we use the following input parameters (here masses and decay
constants in units of GeV)[28, 29, 68, 69]:
mB = 5.28, mBs = 5.367, mD0 = 1.865, mD+ = 1.870, mD∗0 = 2.007,
mD∗+ = 2.010, mDs = 1.968, mD∗s = 2.112, mτ = 1.777, mc = 1.275
+0.025
−0.035,
fD = 0.212, fDs = 0.249, fB+ = 0.187, fB0 = 0.191, fBs = 0.227,
|Vcb| = (42.2± 0.8)× 10−3, τB+ = 1.638ps, τB0 = 1.520ps, τBs = 1.509ps,
fD∗ = (1.078± 0.036) · fD, fD∗s = (1.087± 0.020) · fDs , Λ(f=4)MS = 0.287. (60)
A. Form Factors
For the considered semileptonic B/Bs meson decays, it is obvious that the theoretical pre-
dictions for the differential decay rates and other physical observables are strongly depended on
the form factors F0,+(q
2), V (q2) and A0,1,2(q
2). To be specific, F0,+(q
2) controls the process
B(s) → D(s)lνl while V (q2) and A0,1,2(q2) play the key roles in the process B(s) → D∗(s)lνl. The
value of these form factors at q2 = 0 and their q2 dependence in the whole range of 0 ≤ q2 ≤ q2max
contain lots of information of the relevant physical process.
In Refs. [9, 53, 55], the authors examined the applicability of the PQCD approach to (B →
D(∗)) transitions, and have shown that the PQCD approach with the inclusion of the Sudakov
effects is applicable to the semileptonic decays B → D(∗)lν¯l at the low q2 region. Therefore, we
present our PQCD predictions for the relevant form factors of B(s) → D(∗)(s) transitions at the point
q2 = 0 in Table. I.
From the numerical values in Table I, one can see easily that the same form factors correspond-
ing to differentB → D(∗) orBs → D(∗)s transitions are very similar in magnitude at q2 = 0, which
implies that the effect of the SU(3) flavor symmetry breaking is really small, less than 10%. In
order to cover whole q2 region, one has to make an extrapolation for all relevant form factors from
the q2 = 0 region to q2 = q2max region. In this work we will make the extrapolation by using two
different methods.
(1) The first method is analogous to the one used in Refs. [9, 44]. we first calculate explicitly
the values of the relevant form factors at several points in the lower region 0 ≤ q2 ≤ m2τ
by using the expressions as given in Eqs. (22-27) and the definitions in Eqs. (18,19). In
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TABLE I. The theoretical predictions for the values of the form factors at q2 = 0 using the PQCD approach
with the BCL parametrization [51,52].
F(0,+)(0) V (0) A0(0) A1(0) A2(0)
B+ → D0 0.53± 0.10 − − − −
B0 → D− 0.54± 0.10 − − − −
B0s → D−s 0.52± 0.10 − − − −
B+ → D∗0 − 0.64 ± 0.11 0.49 ± 0.08 0.51 ± 0.09 0.54 ± 0.09
B0 → D∗− − 0.65 ± 0.11 0.50 ± 0.09 0.52 ± 0.08 0.55 ± 0.10
B0s → D∗−s − 0.64 ± 0.12 0.48 ± 0.09 0.50 ± 0.09 0.53 ± 0.11
the fitting process, we will use the BCL parametrization formula as given in Eqs. (37,38)
instead of the pole model parametrization being used in Refs. [9, 44].
(2) The second one is the so-called “PQCD+Lattice” method, similar with what we did in
Ref. [10]. Since the lattice QCD results for the form factors are reliable and accurate at
q2 ∼= q2max region, we take the lattice QCD predictions for all relevant form factors at the
endpoint q2max as the additional inputs in the fitting process. In order to match the lattice
inputs, we use the BCL parametrization [51, 52] to make the extrapolation.
In Figs. 2 and 3 , we show the theoretical predictions for the q2 -dependence of the six relevant
form factors for B+ → (D0, D∗0) and Bs → (D−s , D∗−s ) transitions, obtained by employing the
PQCD approach and the “PQCD + Lattice” method. In these two figures, the blue solid curves
( red dashed curves) show the theoretical predictions for the q2-dependence of the form factors
(F0,+(q
2), V (q2), A0,1,2(q
2)) for theB/Bs → D(∗)/D(∗)s transitions by using the traditional PQCD
approach (the “PQCD+Lattice” approach ). The blue and red band show the theoretical uncertain-
ties. As a comparison, we also show the central values of the PQCD predictions for all relevant
form factors in Figs. 2 and 3 (the yellow dashed curves), where the pole model parametrization
[9, 44, 60] are used. One can see from the theoretical predictions as listed in Table I and illustrated
in Figs. 2 and 3 that
(1) The form factors for the B → D(∗) transitions and their counterparts for Bs → D(∗)s transi-
tions have very similar values in the whole q2 region due to the SU(3) flavor symmetry.
(2) The differences between the theoretical predictions of the form factors between the tradi-
tional PQCD approach and the ”PQCD+Lattice” method is small in the low q2 region and
remain not large even in the large q2 region for F0,+(q
2) and A0,1,2(q
2). For V (q2), the
difference becomes a little large in large q2 region. For B → D∗ transition, we found
V (10.71) ≈ 1.53 (1.06) in the PQCD approach ( the “PQCD + Lattice” method). For
Bs → D∗s transition, we found very similar result.
(3) The difference between the PQCD predictions of the central values of the form factors
induced by using the traditional pole model or the BCL model to make the extrapola-
tion is very small in the region q2 < 8 GeV2. The largest differences in the region near
q2max are ∆F+(11.55) = 0.59 (i.e, about 31% of F+(11.55) = 1.89 in pole model ) and
∆V (10.59) = 0.36 (i.e. about 19% of V (10.59) = 1.89 in pole model ) for Bs → D(∗)s
transitions, as illustrated in Fig. 3.
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FIG. 2. (Color online) The theoretical predictions for the q2-dependence of the six form factors for B →
(D,D∗) transitions in the PQCD approach (the blue solid curves) and the “PQCD+Lattice” method (the
red dashed curves) using the BCL parametrization [51,52]. The orange dashed curves denote the PQCD
predictions using the traditional pole model [9,44,60].
B. Branching ratios and the ratio of Brs
By inserting the form factors we have obtained above into the differential decay rates equations
as given in Eqs. (40-43), it is straightforward to make the integration over the range ofm2l ≤ q2 ≤
(mB(s) − mD(∗)
(s)
)2. For the four semileptonic decays B0s → D(∗)s τ+ντ and Bs → D(∗)s l+νl with
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FIG. 3. (Color online) The theoretical predictions for the q2-dependence of the six form factors for B0s →
(D−s ,D
∗−
s ) transitions in the PQCD approach (the blue solid curves) and the “PQCD+Lattice” method (the
red dashed curves) using the BCL parametrization [51,52]. The orange dashed curves denote the PQCD
predictions using the traditional pole model [9,44,60].
l+ = (e+, µ+), for example, the theoretical predictions for their branching ratios are the following:
B(B0s → D−s τ+ντ ) =
{
0.72+0.32−0.23(ωBs)± 0.03(Vcb)± 0.02(mc), PQCD,
0.63+0.17−0.13(ωBs)± 0.03(Vcb)± 0.02(mc), PQCD + Lattice,
, (61)
B(B0s → D−s l+νl) =
{
1.97+0.88−0.65(ωBs)± 0.08(Vcb)± 0.03(mc), PQCD,
1.84+0.76−0.50(ωBs)± 0.08(Vcb)± 0.03(mc), PQCD + Lattice,
, (62)
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B(B0s → D∗−s τ+ντ ) =
{
1.45+0.45−0.39(ωBs)± 0.06(Vcb)± 0.06(mc), PQCD,
1.20+0.25−0.22(ωBs)± 0.05(Vcb)± 0.02(mc), PQCD + Lattice,
, (63)
B(B0s → D∗−s l+νl) =
{
5.04+1.60−1.41(ωBs)± 0.20(Vcb)± 0.16(mc), PQCD,
4.42+1.26−0.98(ωBs)± 0.17(Vcb)± 0.06(mc), PQCD + Lattice,
, (64)
where the major theoretical errors come from the uncertainties of the input parameters ωBs =
0.50±0.05GeV, |Vcb| = (42.2±0.8)×10−3 andmc = 1.275+0.025−0.035 GeV. The possible errors from
the uncertainties of the decay constants of the initial Bs meson and the final and D
(∗)
s mesons are
small and have been neglected. In Table II, we list our PQCD and “PQCD+Lattice” predictions for
the branching ratios of the considered semileptonic decays of B0s meson, where the total errors are
obtained by adding the individual errors in quadrature. As comparison, we also show some theo-
retical predictions from other theoretical approaches in the framework of the SM. Unfortunately,
there still be no experimental results available at present. In Table III, we show the theoretical
predictions for the ratios of the branching ratios R(Ds) and R(D
∗
s) defined in the same way as
R(D(∗)):
R(Ds) =
B(B0s → D−s τ+ντ )
B(B0s → D−s l+νl)
=
{
0.365+0.009−0.012, PQCD,
0.341+0.024−0.025, PQCD + Lattice,
, (65)
R(D∗s) =
B(B0s → D∗−s τ+ντ )
B(B0s → D∗−s l+νl)
=
{
0.287+0.008−0.011, PQCD,
0.271+0.015−0.016, PQCD + Lattice,
, (66)
where l denotes an electron or a muon.
TABLE II. The theoretical predictions (in unit of 10−2) for the branching ratios of the considered semilep-
tonic decays of B0s meson with l = (e, µ) obtained by using various theoretical approaches [44, 70–76].
Approach B(B0s → D−s l+νl) B(B0s → D−s τ+ντ ) B(B0s → D∗−s l+νl) B(B0s → D∗−s τ+ντ )
PQCD 1.97+0.89−0.66 0.72
+0.32
−0.23 5.04
+1.62
−1.43 1.45
+0.46
−0.40
PQCD+Lattice 1.84+0.77−0.51 0.63
+0.17
−0.13 4.42
+1.27
−1.00 1.20
+0.26
−0.23
PQCD[44] 2.13+1.12−0.77 0.84
+0.38
−0.28 4.76
+1.87
−1.49 1.44
+0.51
−0.42
IAMF[70] 1.4 − 1.7 0.47− 0.55 5.1 − 5.8 1.2− 1.3
RQM[71] 2.1 ± 0.2 0.62± 0.05 5.3 ± 0.5 1.3± 0.1
LCSR[72] 1.0+0.4−0.3 0.33
+0.14
−0.11 − −
LFQM[73] − − 5.2 ± 0.6 1.3+0.2−0.1
CQM[74] 2.73 − 3.00 − 7.49 − 7.66 −
QCDSR[75] 2.8 − 3.8 − 1.89 − 6.61 −
Lattice[76] 2.013 − 2.469 0.619 − 0.724 − −
Following the same procedure as we did for Bs decays, we can calculate the branching ra-
tios and the ratios R(D(∗)) for B → (D,D∗)(l+νl, τ+ντ ) decays by employing the PQCD and the
“PQCD+Lattice” approaches, respectively. The numerical results are listed in Table IV for branch-
ing ratios and in Table V for ratios R(D) and R(D∗). In the estimation for errors, the parameter
ωB = 0.40± 0.04 GeV is used.
From the numerical results as listed in Tables II – V, one can see the following points:
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TABLE III. The theoretical predictions for the ratios R(Ds) and R(D
∗
s) obtained by using the various
theoretical approaches [44, 71–73, 76].
Ratios PQCD PQCD+Lattice PQCD[44] RQM[71] LCSR[72] LFQM[73] Lattice[76]
R(Ds) 0.365
+0.009
−0.012 0.341
+0.024
−0.025 0.392(22) 0.295 0.33 − 0.299+0.027−0.022
R(D∗s) 0.287
+0.008
−0.011 0.271
+0.015
−0.016 0.302(11) 0.245 − 0.25 −
TABLE IV. The PQCD and “PQCD+Lattice” predictions for the branching ratios (in unit of 10−2 ) of the
eight semileptonic decays B → D(∗)τ+ντ and B → D(∗)l+νl with l = (e, µ). As a comparison, we also
list the previous “PQCD+Lattice” predictions[10], the SM predictions based on HQET [11] , and the world
average of the measured values as given in PDG 2018 [68].
Channels PQCD PQCD+Lattice PQCD[10] HQET[11] PDG[68]
B+ → D0τ+ντ 0.86+0.34−0.25 0.69+0.21−0.17 0.95+0.37−0.31 0.66 ± 0.05 0.77± 0.25
B+ → D0l+νl 2.29+0.91−0.72 2.10+0.85−0.62 2.19+0.99−0.76 − 2.20± 0.10
B+ → D∗0τ+ντ 1.60+0.39−0.37 1.34+0.26−0.23 1.47+0.43−0.40 1.43 ± 0.05 1.88± 0.20
B+ → D∗0l+νl 5.53+1.45−1.25 4.89+1.21−1.00 4.87+1.60−1.41 − 4.88± 0.10
B0 → D−τ+ντ 0.82+0.33−0.24 0.62+0.19−0.14 0.87+0.34−0.28 0.64 ± 0.05 1.03± 0.22
B0 → D−l+νl 2.19+0.91−0.68 1.95+0.77−0.56 2.03+0.92−0.70 − 2.20± 0.10
B0 → D∗−τ+ντ 1.53+0.37−0.35 1.25+0.25−0.21 1.36+0.38−0.37 1.29 ± 0.06 1.67± 0.13
B0 → D∗−l+νl 5.32+1.37−1.20 4.63+1.15−0.95 4.52+1.44−1.31 − 4.88± 0.10
(1) For all considered semileptonic decaysB → D(∗)l+νl with l = (e, µ, τ), the “PQCD+Lattice”
predictions for their branching ratios and the ratios R(D(∗)) agree well with those currently
available experimental measurements within the errors, which can be treated as one ev-
idence for the reliability of this “PQCD+Lattice” method to deal with the semileptonic
decays of B meson.
(2) For the four Bs decay modes and the eight B decay modes, the “PQCD+Lattice ” predic-
tions for the branching ratios are generally smaller than the conventional PQCD predictions,
but the differences between them are relatively small: less than 20% in magnitude. These
predictions also agree well with previous PQCD predictions as given in Ref. [9, 10, 44]
TABLE V. The PQCD and “PQCD+Lattice ” predictions for the ratios R(D) and R(D∗). As a comparison,
we also show the previous “PQCD+Lattice” predictions as given in Ref. [10], the average of the SM predic-
tions as given in Ref. [29], several measured values as reported by BaBar, Belle and LHCb Collaborations
[1, 24, 25], as well as the world averaged results from HFLAV group [29]
Ratios PQCD PQCD+Lattice PQCD[10] SM[29] BaBar[1] Belle[24] LHCb[25] HFLAV[29]
R(D) 0.376+0.011−0.012 0.324
+0.020
−0.022 0.337(38) 0.299(3) 0.440(72) 0.307(40) − 0.340(30)
R(D∗) 0.288+0.008−0.010 0.272
+0.013
−0.014 0.269(21) 0.258(5) 0.332(30) 0.283(23) 0.291(35) 0.295(14)
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within the still large theoretical uncertainties.
(3) For the ratios R(Ds) and R(D
∗
s), the theoretical errors in branching ratios are largely can-
celled, the PQCD and ”PQCD+Lattice” predictions for both ratios R(Ds) and R(D
∗
s) have
a very small error only: around 5% in magnitude. These predictions could be tested in the
near future LHCb and Belle-II experiments.
(4) For the branching ratios, the theoretical predictions from different theoretical approaches
can be a little different for the same decay mode, but they still agree within errors due to
the large theoretical uncertainties. For the ratios R(D) and R(D∗), our “PQCD+Lattice”
predictions also agree well with the average of the SM predictions obtained by employing
the HQET plus the available Lattice QCD input for the relevant form factors [3–6, 29].
(5) By comparing the values of the two sets of the ratios (R(D), R(Ds)) and (R(D
∗), R(D∗s)),
as listed in Table III and V, one can see that the SU(3) flavor symmetry keeps very well in
both the PQCD and the “PQCD+Lattaice” approaches. This point could also be tested by
experiments.
C. Pτ (D
(∗)
(s)), FL(D
∗
(s)) and AFB(τ)
Besides the branching ratios and the ratios R(X) of the branching ratios, there are other three
additional physical observables: such as the longitudinal polarization of the tau lepton Pτ (D
(∗)
(s)),
the fraction ofD∗(s) longitudinal polarizationFL(D
∗
(s)) and the forward-backward asymmetry of the
tau leptonAFB(τ). These physical quantities can be measured in the LHCb and Belle experiments,
and may be sensitive to some kinds of new physics [33, 63–66]. The calculations and investigations
for these additional physical observables may provide new clues to understand theR(D(∗)) puzzle,
and it is therefore necessary and interesting.
In Refs. [33–35], the authors calculated these three physical obsrvables in the framework of
the SM and examined possible new physics effects on them. In this paper, we calculate these
observables by using the PQCD and the “PQCD+Lattice” approach, respectively. Based on the
formulae as given explicitly in Eqs. (44-59), we make the calculations and show the numerical
predictions for Pτ (D
(∗)
(s)), FL(D
∗
(s)) and AFB(τ) in Table VI. The measured values of Pτ (D
∗) and
FL(D
∗) [30–32] as given in Eqs. (4,5) are also listed in Table VI. As a comparison, we also show
other SM predictions for these physical observables as given in Refs. [33, 34] in Table VI.
From the numerical results as listed in Eqs. (4,5) and in Table VI, one can find the following
points:
(1) The uncertainties of all theoretical predictions for the physics observablesPτ (D
(∗)
(s)), FL(D
∗
(s))
and AFB(τ) are very small when compared with the ones for the branching ratios, since the
theoretical uncertainties are largely cancelled in ratios.
(2) The PQCD and “PQCD+Lattice” predictions for the physics observablesPτ (D
(∗)
(s)), FL(D
∗
(s))
andAFB(τ) forB(s) → D(s)τ+ντ decays are very similar with each other: the difference for
a fixed decay mode is less than 5%. For the AFB(τ) of the B(s) → D∗(s)τ+ντ decays, how-
ever, the difference is about 40%. The reason lies in the definition of the angular coefficient
function b
(D∗)
θ (q
2), where the term (H2V,+ − H2V,−) in Eq. (59) can be affected moderately
by the different high q2 behaviour of the form factors in the PQCD and “PQCD+Lattice”
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TABLE VI. The PQCD and “PQCD+Lattice” predictions for Pτ (D
(∗)
(s)), FL(D
∗
(s)) and AFB(τ), other SM
predictions and the measured values are all listed in this table.
Observable Approach B0 → D−τ+ντ B0s → D−s τ+ντ B0 → D∗−τ+ντ B0s → D∗−s τ+νl
PQCD 0.32(1) 0.31(1) −0.54(1) −0.54(1)
PQCD+Lat. 0.30(1) 0.30(1) −0.53(1) −0.53(1)
Pτ (D
(∗)
(s)
) SM[33] − − −0.497(13) −
SM[34] 0.325(3) − −0.508(4) −
Belle[30] − − −0.38± 0.51+0.21−0.16 −
PQCD − − 0.42(1) 0.42(1)
PQCD+Lat. − − 0.43(1) 0.43(1)
FL(D
∗
(s)) SM[35] − − 0.457(10) −
SM[34] − − 0.441(6) −
Belle[32] − − 0.60 ± 0.08 ± 0.04 −
PQCD 0.35(1) 0.36(1) −0.085(2) −0.083(2)
AFB(τ) PQCD+Lat. 0.36(1) 0.36(1) −0.054(2) −0.050(2)
SM[34] 0.361(1) − −0.084(13) −
approach. Of course, the precise experimental measurement of the forward-backward asym-
metry AFB(τ) of the B(s) → D∗(s)l+νl decays will be a great help for us to test and improve
the factorization models.
(3) For both Pτ (D
∗) and FL(D
∗), our theoretical predictions agree well with the measured
ones within errors, partially due to the still large experimental errors. For all considered
decay modes, the PQCD and “PQCD+Lattice” predictions for the three kinds of physics
observables are consistent with the results from other approaches in the framework of the
SM as well. We expect that these physical observables could be measured in high precision
at the future LHCb and Belle-II experiments and it can help us to test the theoretical models
or approaches.
IV. SUMMARY
In this paper, we studied the semileptonic decays B(s) → D(∗)(s) l+νl in the frame work of the
SM by employing both the conventional PQCD factorization approach and the “PQCD+Lattice”
approach. In the second approach, we take into account the Lattice QCD results of the relevant
form factors as an input in the extrapolation from the low q2 to the endpoint q2max. We calculated the
form factors F0,+(q
2), V (q2) andA0,1,2(q
2) of theB(s) → D(∗)(s) transitions, provided the theoretical
predictions for the branching ratios of the considered B/Bs semileptonic decays and the ratios
R(D(∗)) and R(D
(∗)
s ). In addition to the branching ratios and the ratios R(X), we also gave our
theoretical predictions for the additional physical observables: the longitudinal polarization of
the tau lepton Pτ (D
(∗)
(s)), the fraction of D
∗
(s) longitudinal polarization FL(D
∗
(s)) and the forward-
backward asymmetry of the tau lepton AFB(τ).
From the numerical calculations and phenomenological analysis we found the following points:
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(1) For the twelve considered B/Bs semileptonic decay modes, the “PQCD+Lattice ” predic-
tions for the branching ratios are generally smaller than the conventional PQCD predictions,
but the differences between them are relatively small: less than 20% in magnitude. The
“PQCD+Lattice” predictions for their branching ratios and the ratios R(D(∗)) do agree well
with those currently available experimental measurements within the errors.
(2) For the ratios R(Ds) and R(D
∗
s), the PQCD and ”PQCD+Lattice” predictions are the fol-
lowing:
R(Ds) =
{
0.365+0.009−0.012, PQCD,
0.341+0.024−0.025, PQCD + Lattice,
, (67)
R(D∗s) =
{
0.287+0.008−0.011, PQCD,
0.271+0.015−0.016, PQCD + Lattice,
. (68)
They also agree well with other SM predictions based on different approaches. These pre-
dictions could be tested by the forthcoming LHCb and Belle-II experiments.
(3) For most observables Pτ (D
(∗)
(s)), FL(D
∗
(s)) andAFB(τ), the PQCD and “PQCD+Lattice” pre-
dictions agree very well with each other: the difference is less than 5%. The relatively large
difference for the AFB(τ) of the B(s) → D∗(s)τ+ντ decays can be understood reasonably.
(4) For both Pτ (D
∗) and FL(D
∗), our theoretical predictions agree well with the measured ones
within errors. For all considered decay modes, the PQCD and “PQCD+Lattice” predic-
tions for the three kinds of physics observables are consistent with the results from other
approaches in the framework of the SM as well. The future LHCb and Belle-II experiments
can help us to test the above theoretical predictions.
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Appendix A: Relevant functions
In this appendix, we present the explicit expressions for some functions which have already
appeared in the previous sections. The hard functions h1 and h2 come form the Fourier transform,
and they can be written as:
h1(x1, x2, b1, b2) = K0(β1b1)[θ(b1 − b2)I0(α1b2)K0(α1b1)
+ θ(b2 − b1)I0(α1b1)K0(α1b2)]St(x2), (A1)
h2(x1, x2, b1, b2) = K0(β2b1)[θ(b1 − b2)I0(α2b2)K0(α2b1)
+ θ(b2 − b1)I0(α2b1)K0(α2b2)]St(x2), (A2)
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whereK0 and I0 are modified Bessel functions, and
α1 = mB(s)
√
x2rη+, α2 = mB(s)
√
x1rη+ − r2 + r2c , β1 = β2 = mB(s)
√
x1x2rη+. (A3)
The threshold resummation factor St(x) is adopted from Ref. [77]:
St =
21+2cΓ(3/2 + c)√
πΓ(1 + c)
[x(1− x)]c, (A4)
and we here set the parameter c = 0.3.
The factor exp[−Sab(t)] contains the Sudakov logarithmic corrections and the renormalization
group evolution effects of both the wave functions and the hard scattering amplitude with Sab(t) =
SB(t) + SM(t) [77, 78],
SB(t) = s
(
x1
mB(s)√
2
, b1
)
+
5
3
∫ t
1/b1
dµ¯
µ¯
γq(αs(µ¯)), (A5)
SM(t) = s
(
x2
mB(s)√
2
rη+, b2
)
+ s
(
(1− x2)
mB(s)√
2
rη+, b2
)
+ 2
∫ t
1/b2
dµ¯
µ¯
γq(αs(µ¯)), (A6)
where η+ is defined in Eq. (7). The hard scale t and the quark anomalous dimension γq = −αs/π
governs the aforementioned renormalization group evolution. The explicit expressions of the func-
tions s(Q, b) can be found for example in Appendix A of Ref. [78]. The hard scales ti in Eqs.(22-
27) are chosen as the largest scale of the virtuality of the internal particles in the hard b-quark
decay diagram,
t1 = max{mB(s)
√
x2rη+, 1/b1, 1/b2},
t2 = max{mB(s)
√
x1rη+ − r2 + r2c , 1/b1, 1/b2}. (A7)
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